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tl,lCTUIl,lD fX.

OSCILATIONS OF THE COMPOUND CIRCIIIT.

38. 'l'lrt. rrrost; irrtct'esting antl most important application of
tlrr, tnr,\,(,lirrg wirv() is tlru,t of tlte stationary oscillation of a coln-

; x rr r rrr I r.ir'<,rri1,, u,s intlttst,ria,l circuits are never uniform, but consist

ol' sr.r:l,ions ol' rlill'crctrt cltaracteristics, as the generating system,

lrrr,rrsl'onrr('r', lint', loarl, ctc. Oscillograms of such circuits have

Irr.r,n slrorvtt itr t,ltc prcrvious lecture.
ll' \\'(, lpuvt, l, trircuit consisting of sections 1, 2, 3 . . . , of the

r'(,slx.r't i\,(, lt'ngt,lts (in velocity measure) trr, ),2, Xe . . . , this
r,rrtirr. r,irr.lril,, whcn left to itself, gradually dissipates its stored
(,rr(.r'g)' I,.\' u tnlnsit'ut. As function of the time, this transient
rrrrrst, rlr.t,r'(,rLS() at thc salne rate u,o throughout the entire circuit.
'l'lrrrs I lrt' l,itrur tlccrretnetrt of all the sections must be

6- 1tot.

I,lvr.r'.y scct,ion, howe\rer, has a power-dissipation constant,'t14, 112,

1:r . , rvlriclr r('l)rcsents the rate at which the stored energy

ol' tlrr, st'rrl,ion rvoulcl be clissipated by the losses of power in the

s('('liott,
6,- u.[ , U- u,zt, e- utt . o

I I r r t si r r ct' :rs llart of the whole circuit each section must die

r lr rrv r r :r1, 1,lrt. s1,l)l() ratc 6,- ltot , in acldition to its power-dissipation

rlr,(,t.('pt(.111, e ttl, e-1t2t , t'&crh section must still have a second

tirrrrr <lr,r:l'('nl('111, , e- (,,r - tt')t , u- kto- u)t This latter does not
r.r,pr.r.sc1t, l)ow(rl' tlissillatiotr, aucl thus represents power transfer.
'l'lti[], is,

S1 : 'llo U'rt

52 : 'l[o 'l'1,2t (1)

o,\('Il,l,.l'l'l(r,\',\ ol" 'l'lll') ('o,lt l'ol',\'/) ('lli('ltl'l'. Itltl

lx)\\,(,r.-rlissipxr,l ir)1 (:orrst :url, ol' tlr(' (:it'r'ttil, :rrrrl rr llt:lt, ol' :ltt.y sct:l,iolI,

tlris sr.r:f igtt trtlst, lpuvt, l, s('r:orrrl ('xlx)n('lrt,ilul t,ittttt t[t'tlrtrtttttttt,

li : 'l{o l(, (2)

ru,lrir,lr l.(,1)r.('s('lrt,s IX)w(,I' transft'r frottt thc section to other sections,

or., il's is ru.gal,iv(', pow()r rccrtrivetl from other sections. The oscil-

l:r,t itlrr sf t,vgry incliviclual section thus is a traveling wave, with a

lx)w('I'-t,ransfer constant s.

As ,rro is the average clissipation constant, that is, an average of

tlrrr 1rgwer-clissipation constants uof. all the sections, and s - us - 1(,

llrg powc'r-transfer constant, some of the s must be positive, some

r rt.ga,tive.

11 any section in which the power-dissipation constant u is less

1lr1rr the average uo of the entire circuit, the power-transfer eon-

sl,lrrt .s is positive; that is, the wave, passing over this section, i.-
(:r.cases in intensity, builds up, or in other words, gathers energy,

wSir:5 it carries away from this section into other sections. In
ryry section in rvhich the power-dissipation constant u is greater

l,lra1 the average uo of the entire circuit, the power-transfer con-

sl,1nt s is negative; that is, the wave, passing over this section,

tlssreases in intensity ancl thus in energY, or in other worcls, leaves

sorne of its energy in this section, that is, supplies energy to the

sgction, which energy it brought from the other sections.

By the power-transfer constant s, sections of low energy dissi-

pltion supply power to sections of high energy dissipation.

39. Let for instance in Fig . 43 be represented a circuit consist-

ilg of step-up transformer, transmission line, and load. (The

l,,ii,l, consisting of step-down transformer ancl its second ary cir-

r:rrit, may for convenience be consiclerecl as one circuit section.)

Asstune now that the circuit is disconnected from the power sup-

lrl.y lry low-tension switches, al A. This leaves transformer, line,

rurrtl loacl as a compound oscillating circuit, consisting of four

s.t:t,igns: the high-tension coil of the step-up transformer, the two

lirrt's, ancl the load.
L(,t thel trr : Iength of line, \, : length of transformer circuit,

rurrrl \n : lcngth of loacl circuit, ir velocity measure.* If then
* I f / r - lel[4t6 of circtrit section in any meAsure, and Lo - induetance,

( i, r:rr,':u:it,y 1i,,. rrnit of lcngth lr,,_thcn tlte length of the circuit in velocity

ta('itsltl'. is X, - o;,t, wltttt'rl o1v : J [',,(!"'
,f,lrrrs, if l, .,.. irrrllr:l,tr,nr:r', (l : r:lr1xr,r:il,.y lxlr t,t'lttlsftlt'lIl(ll'ctlil, ?L: number of

lr.rrrrsli)r..r(.r.r:sils, l'or. llrt: t,r':r,rrsl'orrrrcr llrc rrrrit, of lcrrgtlr is t,ltc coil; hctrce thell llrrrs lollr)ws l,lurl, irr :r (rolttllotttttl trit't:ttil;, if tr,o is the a,vcra,ge

(.xlx)1r,rrli:rl lirrrr. rlr.(.t'(.nr(,n1, ol' l,lrc r'onllllt't,rl r:it't:ttit,, <ll' l,ll() l1ycl'lrfl()
IOi'i
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'u,t : IXX) : ltow(tr-tlinsillui,iotr colrsttt,ttt of t,ltc linc r u,z : 100 :-
I)ow()r-rlissill&t,iorr cunstarrt of trunsft)nnor, ntrtl rfi : 1000 : lX)wrlr-
tlissipation const&nt of thu loatl, rrnd the rosl)octivc lcngths of thc:

circuit sections &r0

Ir:l.j-l X 10-3i \z:1X 10-3i tra:0.5 X lFt,
it is:

Lcngth: tr:
Powcr-dissipa-
tion eonstant: Itr -

uX:

Line. Transfornrer. f,ine. Load. Sum.

r .5x 10-3 1x 10-3 I .5x 10-3 .5x 10-3 4.5x 10-3

0S(,:ll,l,,4T,IoNS ()F, T,III|: u)ilt t,0lI N l) (| I tttIU I,|, ttt

ln tho lotr,r[:

l) - fhc- r000r, tho orlrlrgy of thc w&vo tlecrttustls rapiclly'

I lr,rtr t,lur t:txrllit:itlttts of p1, 'pzt 'pt tttust bo such that the wavc at the

l',.,irurirrg 'f onc scction has ltr" same value as at the end of the

llr(!c(xling scction.
l' gc*.rar, two travering waves run around the circuit in

ollponitc tlircction.
Itruch of the two waves reaches its maximum intensity in this

r:ircuit at the point where it leaves the transformer and enters

t5o line, since in the transformer it increases, while in the line it

ugnin ttecreases' in intensitY'

Irig. 54. - Encrgy Distribution in compound oscillation of closed circuit;
High Line Loss.

Assuming that the maximum value of the one wave is 6, that' of

thc opposite wave 4 megawatts, the power values of the two waves

tlr** or* plotted in the upper part of Fig . 54, and their difference'

tlrut is, the resultant, flow- of power, in the lower part of Fig. 54'

As sccn from thc latter, there are two power nodes, or points over

w5ic5 no power flows, one in the transformer and one in the load,

ur'l tlr* I)ower flows from thc transformer over the line into the

I'url; tlr* trn*sfr)*ncr n*ts &s g.nerator of the power, and of this

900
1 .35

100 900
.r 1.35

1600

.8 3.6

lrence, uo: average ": ff : 800, and:

Power-transfer
constant: s:ulo-'u: - 100 +700 - 100 -800

The transformer thus dissipates power at the rate u,z : 100,
while it sends out power into the other sections at the rate of
s2 : 700, or seven times as much as it dissipates. That is, it sup-
plies seven-eighths of its stored energy to other sectiorls. The loacl
dissipates power at the rate us : 1600, and receives power at the
rate - s - 800; that is, half of the power which it dissipates is

suppliecl from the other sections, in this case the transformer.
The transmission line dissipates power at the rate 'ur : 900,

that is, only a little faster than the average power dissipation of
the entire circuit t 'ttro : 800; and the line thus receives power only
at the rate -s: 100, that is, receives only one-ninth of its porver
from the transformer; the other eight-ninths come from its stored
encrgy.

The traveling wave passing along the circuit section thus
increases or decreases in its power at the rate .*2 s)t ; that ir,
in thc line:

p - ?rc- e()Or, thc energy of the wave clecreases slowly;

in thc t,rttttsft)nllor :

'1, : 'p?c4 1400r, tltc energ.y of the wave increases rapiclly;

terrgt,lr lt : ru, trttrl tlrtr lcngtlr in vclot:ity llt()itslu'c, L : ot)tr : rt, I-LC. Or, if
It : irrrlttr:t,un(:(f, (: : r:rt,1lrtcit,y of tltc cttt,irc tt'rutrsfilrrrrcr', its lcngth in velocity
nr(rlHut'c ix tr != { L(:,

'l'lrux, t,lrrl rcrlttt;tiott t,o vclocit,y nr()rrsurc of rliutunce is very sirnple.

Step up{rarrsformer Transmission'Line ",lRXt,.---_"__ _ J.rJ{yqxr{yvxxx., )0 Ig A
11 : 9oo r;--n - loo k tl : 9c 

[:1600

loi*et Transmlssion-Line
lii'r"'_ r- ---- i.b x 10-a 

"la5 

x
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power a fraction is consumed in the line, the rest supplied to the
load.

4o.. The diagram of this transient power transfer of the system
thus is very similar to that of the permanent power transmis-
sion by alternating currents: a source of poru.r, u partial co'-
sumption in the line, and the rest of the power consumecl in
the loacl.

However, this transient power-transfer cliagram cloes not repre-
sent the entire power rvhich is being consumecl in the circuit, as
power is also suppliecl frotn the storecl energy of the circuit; ancl
the case may tllus arise - which cannot exist in a permanent
power transmission 

- that the power clissipation of the line is
less than corresponcls to its storecl energy, ancl the line also supplies
power to the loacl, that is, acts as generator, alcl in this .ur. the
power would not be a maximum at the transformer terminals,
but would still furtlter increase in the line, reaching its maxi-
rnum at the loacl tenninals. This obviously is possiSle o'ly
rvith transient power, rvhere the line has a store of energy frorn
which it can draw in supplyittg power. In permanent conclition
the line coulcl not aclcl to the power, but must consume, that i.,
the permanent power-transmission cliagram must always be like
Fig. 54.

Not so, as seen, with the transient of the stationary oscillation.
Assume, for instance, that we reduce the power clissipation in
the line by doubling the concluctor section, that is, reclucing the
resistance to one-half . As L thereby also sligtrtly decreases,
C increases, ancl g possibly changes, the change t rougnt aSout in
thc constant u :;(;. 

il is not necessarily a recluction to one-

half, lrut clepencls upon the dimensions of the line. Assumirrg
thert'fttre, that the power-clissipation constant of the line is by the
tloulrling of the line section reduced from th- g00 to ,trt: b00,
l,his givcs the cronstants:

\- r l,x"i,-, 'iTlTT' , #ib-, ,lTJ- s 4fi"ib-,
u : 5(X) 100 500 I (i(X)

ztr', .7lt .l .7lt .g 2.4

:r,\,.r:r,t{. , 'Jl -, 5:l:r, rulrrl:

oSCILLATIot'tS oF THE CoMpout{D CIRCUIT. 1l-3

That i., the power-transfer constant of the line has becotne posi-

tive, s1 : 33, ancl the line now assists the transformer in supplying
power to the load. Assuming again the values of the two travel-
itrg waves, where they leave the transformer (rvhich now are not
the maximum values, since the waves still further increase in
intensity in passing over the lines), &s 6 ancl 4 megawatts respec-
tively, the power diagram of the two waves, and the power clia-
gram of their resultant, are given in Fig. 55.

Iiig. 55. - Energy Distribution in 
l?ilT;r::| 

oscill*tion of Closcd Circuit;

In a closetl circuit, &s here cliscusserl, the relative intensity of
the two component waves of opposite clirection is not definite,
but depencls on the circuit conclition at the starting moment of
the transient.

In an oscillation of an open compouncl circuit, the relative
intensities of the two component waves are fixed by the condition
that at the open ends of the circuit the power transfer must be
zero.

As illustration may be considered a circuit comprising the high-
1-rotential coil of the step-up transformer, ancl the two lines, whiclr
:u'(| asslnncd :ls opon at thc step-down end, as illustrated diagram-
rrrat,ir:r-rll.y irr Iig. 5(i.

Step ult
Transfot'ttrer m_-.----_..!_-: _ r. LoaclTrrnsurissir,rn Llne ^;';;":;;';"^^ Tlilnsnrission Line

t1 - 500 U - 100 t1.: 500 t1:1C00

Tlausrrrission Litre.0x10-3-I- 1..5x10-3 -1.5xl
Load

ll{'lr{'{,, tt,

- t(xi7



ill
( llrtlrlsitrg l,ltc i'.,,run(' lctrgl,lrs rt,rrrl l,lrc r\ir,nr(, lx)\\'(.r'-rlissillrtt,iryt

trottst,lIltt,s its irr t,lrc l)r'(,viorts illrrsl,l'lIl,ir)lIs, Ilris givt's:

l,irrc.

\- 1.5x 10-3

u: , 9(X)

rr\: 1 .35

Itt:ttt:tl, ?{e : &veragc ,, : 111\ :)I
s: -200

'l'r'il,nsforrrror'. l,inc. Sutrr.

1X l0-3 t .l"rX l0-3 ,tX l0-r
100 900
.1 1.35 2.8

700, ltttl :

+600 - 200

Fig. bG.

The diagram of the power of the two waves of opposite direc-
t,ious, a,ncl of the resultant power, i* shown in Fig. ET, assumirg
(i rncga\,v&tts as the maximum power of each wave, which is reached
u,t thc point where it leaves the transformer.

'l'r'ilttsttrission Litte Tt'unsfornrer Tra,nsnrission Lirre
I UUUdUUUUU I .

Itig. 57. 
- fi)ncrgy I)ist,rilnrtion in Compound Oscillation of Open Circuit.

ln l,his oa,so thc two waves must be of the same intensity, so
l,s to givc 0 rrs rcsultunt at thc opcn ends of the line. A power
rrorkr l;ltcn :rppe&rs irr l;hc center of the transformer.

4r. A st,lt,ionrur'.y oscilllt,ti<ln of :l oornporrntl r:ircuit consists of two
t,r'lIvr,littg \v:Iv('s1 .l,l'ltv('t'sirrg l,lrt, t:it't:ttil; in <lltllositc dircction, and
t,r'ir,nsl'r't't'irt1; lx)\v('l' l)t't,\v('('lI t,ltc t:it'cttit sct;tiotrs in sttch & manner

Ttatrsrrrission

S--200

orrr-let' Transmissi

ll5

*s l,l giyr, llrr, s1,1r(. r'illr. ()l' (,rrr,r'l{)' rlissi;llr,t irlrr itr lr,ll cit'r'ttil, s('('l,itllts.

,\s llrr, t.r.s1lt, 11l' llris lx)\\'(,t' t,r'lt,nsl'{'l', tltt' sl,ttt't't[ ('ll(]l'll.y tll' l,lttl

s.1,sl,r,1r rrrltsl, lrr. rrrril'onrrl.y' rlist rilrrtlt'rl I Irnrtrglttlttt; l,lttl t'tttit'o

t:ir.r:rrit,, rrrul it it, is rurt, so in l,ltc lrt'gitrtrittg of t,lte trausicnt, local

tp;uvplirrg wlrvos l't.rlisl,r'ilrtrtc thc ollcrg)' tltroughout the oscillat-

irrg t:ir.t:uit, &s statcd before. Such local oscillations are usually

,l'- vgry 5ig5 frcquency, but s<lrnetilnes come rvithin the range of

tlrc oscillogralllt, as in Fig. 47.

I)lripg 1nr oscillatign of the complex circuit, every circuit

.lt,rrrcnt c/r (in velocity rneasure), or every wave length or equal

1xu.l; of the wave length, therefore contains the same amount of

sf,,r.tl cnergy. Thatls, if €0 : maximum voltage, io : III&Ximum

r.ur.rcnt, ancl tro : wave length, the average energy *y must
/.1

lr. constant throughout the entire circuit. Since, however, in

r,,t,lgcity measure, tro is constant and equal to the period 7o through-

,rrt all the sections of the circuit, the product of maximum voltage

:rrrrl of naximum current, aoio, thus must be constant throughout

t,lrtr cntire circuit.
The same applies to an orclinary traveling wave or impulse.

Silcc it is the same energy which moves along the circuit at a
r:onstant rate, the energy contents for equal sections of the circuit

rrrust be the same except for the factor e-2"', by which the energy

rlecreases with the time, ancl thus with the distance traversecl

tltrring this time.
Maximum voltage ao and maximum current io, however, are

related to each other by the condition
t;: ?o:ltd' (3)

a,'d as the relation of Zo and Co is different in the different sections,

:urul tSat very much so, z6t and with it the ratio of maximum

vrltage to maximum current, differ for the different sections of

t,lrc t:ircuit.
If thcn at and il are maximum voltage and maximum current

r.(.sr)cctively of one section, and ?L : l*r " the " natural impecl-

rrr(!() ,, of this seetion, ancl lzt iztancl zz : I 
tiare the correspoucl-

irrg valttcs for ltrtlt,ll('r st'ct,itltl,. it is
(Ur : cL'Ltt (4)
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OSCILLAI'IOI{S OF THE COMPO(II,{D CIRCUIT. LLT

42. At the transition point between two successive sections,
the current and voltage respectively must be the same in the
two sections. Since the maximum values of current and voltage
respectively are different in the two sections, the phase angles of
the tvaves of the two sections must be different at the transition
point; that i*, a change of phase angle occurs at the transition
point.

This is illustrated in Fig. 58. Let ?0 : 200 in the first section
(transmission line) t ?o : 800 in the second section (transformer).

The transformation ratio between the sections then is JS - 2:v zoo-2'
that is, the maximum voltage of the second section is twice, and
the maximum current half, that of the first section, and the waves
of current and of voltage in the two sections thus may be as
illustrated for the voltage in Fig. 58, by epr

Fig. 58. - Effect of Transition Point on Traveling Wave.

If then et and i' are the values of voltage and current respec-
tively 'at the transition point between two sections 1 and 2, and
h and il the maximum voltage and maximum current respec-
tively of the first, ez o,nd iz of. the second, section, the voltage phase

and current phase at the transition point are, respectively:

srr lrstituting

in1,r, (4) gives

()r

ttttl

()r

a2 : 'l'z?zt

h : itzt,

(5)

(6)

iztzz : ifzr,

x:#,:l#,,
azz €t2

-: -,22 ?1

?,:lz:;l#,-

(7)

(8)

'l'ltrtt, i*, in the same oscillating circuit, the maximum voltages
(', irr t,lto different sections are proportional to, ancl the maximum
(llll'l'('ltts te inversely proportional to, the square root of the natural
i t t t 1 rt't l:tttt:t's zs of the sections, that i., to the fourth root of the
r':rl,ios <lf inrltrctance to capacity A.

41, ('v('ry transition point betrveen
1,.\' rr lr'a,vr.ling wave, as those of an
l'orrrurl,iorr of voltage anci of current
r':rl io rvlrich is the square root of the

successive seetions traversed
oscillating system, a- trans-

occurs, by a transformation
ratio of the natural imped-

r,r(f('s, ?, - l*, of the two respective seetions.

\Vltt'tt lltl,ssirtg frotn a section of high capacity ancl low induc-
lrrrr{'{', llrrlt i*, Ittrv irnpedB"nce zs, to a section of low capacity and
lriglr irrtllltr{,i111111'', thut is, high impeclance zs, as when passing from
:t l't'irllslrrission littt'itrto a transfrlrmer, or frorn a eable into a trans-
tttissiott littt', 1,ltc voltlrge tlrus is transfrtrmed ult, and the current
I rittlsl'ol'lttt'rl rlotvtt, un<l ittvtrrsclv, witlr & w&v(. llassing in opp6site
r lin,r:t,ioll.

A low-vtlll rrgc lrigll-('ttI't'('1t1, \vr[v(, irr :r t,rrurslnissiorr line tlrtts
lr('('olll('h :1, lriglr-vrlllllgc lo\v-t'ul'l'(,n1, \vttv(. itt tI t,l.!ylsl'<)ryIlor, lltrtl
ir, t'r,l's{,1.y, :urrl llrtts, tt'lrilr, il nr:r,.\/ llr. lult.trrlr,ss irr l,lrc litrr,, nr&y
lx,('olnr, r lr,ril l'llr.l ivr, irr l ltr, l l.liltsl'ot.nl(,t., r,t,r:.

For the wave of the first section:

'' : cos ?r and {
et 'l't

l'or the wave of the seconcl section:

{ : cos ?z ancl !
cz ?'2

: COS Ur. 

I

: cos ,r. 
I

(e)
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Dividing the two pairs of equations of (9

COS?z- Ar:\l 4,
COS ]1 0z Y ?2

coS6z _L_r l?,
co^s 6t 

: 
Tr,: V e'

hence, multiplied,

grves

or

COS ^Y2 .,, COS 6z 
1

cosT, ^ c-os6r - L'

coS 7z _ s9F Dt

COS ]1 COS 62 
t

(10)

(11)

eOS ?r COS Dr - COS ]2 cOS 62 i

that i., the ratio of the cosines of the curuent phases at the tran-
sition point is the reciprocal of the ratio of the cosines of the
voltage phases at this point

Since al the transition point between two sections the voltage
and current change, frorrr a1,2,1 to azt izt by the transformation ratio

t:
V ;, this change can also be represented as a partial reflection.

That is, the currenl it, can be considered as consisting of a compo-
nent iz, which passes over the transition point, is " transtnittecl "
eurrent, and a component ir' - il iz, which is (( reflected "
current, etc. The greater then the change of circuit constants
at the transition point, the greater is the difference between the
currents and voltages of the two sections; that is, the more of
current and voltage are reflected, the less transmitted, and if the
change of constants is very great, as when entering from a trans-
mission line a reactance of very low capacity, almost all the
current is reflected, and very little passes into and through the
reactance, but a high voltage is produced in the reactance.


